Journal of Sound and Vibration (2002) 250(2), 215-227 -
d0i:10.1006/jsvi.2001.3919, available online at http://www.idealibrary.com on Iﬂihl

®

DISPERSION OF WAVES IN IMMERSED LAMINATED
COMPOSITE HOLLOW CYLINDERS

Z.C. X1, G.R. Ly, K. Y. Lam AND H. M. SHANG

Department of Mechanical and Production Engineering, National University of Singapore,
10 Kent Ridge Crescent, Singapore 119260, Singapore. E-mail: mpeliugr@nus.edu.sg

(Received 7 August 2000, and in final form 20 March 2001)

A layer element method (LEM) is presented for analyzing frequency and group velocity
dispersive behaviours of waves in a laminated composite cylinder surrounded by a fluid. The
LEM applies finite elements to model the radial displacement of the cylinder and the radial
pressure of the fluid, and complex exponentials to express the axial and circumferential
displacements of the cylinder as well as the axial and tangential pressures of the fluid.
The dispersive equation for the fluid-loaded cylinder follows from variational techniques.
The frequency and group velocity dispersive relationships of the fluid-coupling cylinder are
obtained by means of the Rayleigh quotient. Numerical results are given for hybrid
laminated composite cylinders and cylindrical shells submerged in water. The addition of the
fluid is proven to have considerable impact on the group velocity spectra of waves in
laminated composite cylinders.
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1. INTRODUCTION

Wave propagation in anisotropic media has been a subject of intense research interest in the
last few decades. There now exists much work on Rayleigh, Lamb, Love and Stoneley waves
in anisotropic media which were well reviewed [1-6].

As composite cylinders and cylindrical shells have been widely used in industrious fields
of marine, petrochemical, nuclear and power generation, and so on, great effort has been
directed towards study of waves propagating in anisotropic cylinders and cylindrical shells.
Markus and Mead [7, 8], and Yuan and Hsieh [9] studied analytically free waves in
composite cylindrical shells. Xi et al. [10-13] treated semi-analytically free waves of
laminated composite shells of revolution either in vacuum or partially filled with a fluid.
In their analyses, the effects of transverse shear deformation, material non-linearity,
the coupling between symmetric and antisymmetric modes, and the coupling between the
fluid and shell were taken into account. Han et al. [14] dealt with transient waves
of cylindrical shells composed of functionally gradient materials. Rattanwangcharoen
et al. [15] studied the reflection problem of waves at the free edge of composite cylinders.
Rattanwangcharoen et al. [16] and Zhuang et al. [17] investigated axisymmetric guided
waves scattered by cracks in welded steel pipes. Xi et al. [18-20] examined waves
scattered by cracks in laminated composite cylinders either in vacuum or loaded by a
fluid. Nelson et al. [21], and Huang and Dong [22] analyzed frequency spectra in laminated
composite cylinders using analytical-numerical methods. Berliner and Solecki [23, 24]
discussed analytically the frequency dispersive behaviours of waves in fluid-filled
transversely isotropic cylinders. Xi et al. [25] investigated frequency spectra, group velocity
spectra and characteristic surfaces of waves in laminated composite cylinders and
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cylindrical shells using a semi-analytical procedure, but leave open the effect of fluid
presence.

Laminated composite cylinders and cylindrical shells surrounded by a fluid are
frequently encountered in practical engineering. Therefore, this paper intends to present
a method for analyzing frequency and group velocity dispersive behaviours of waves in this
type of fluid-loaded cylinder and cylindrical shell. In this approach, the radial displacement
of the cylinder and the radial pressure of the fluid are modelled by finite elements, while the
axial and circumferential displacements of the cylinder as well as the axial and tangential
pressures of the fluid are expanded as the complex exponentials. The dispersive equation for
the fluid-loaded cylinder follows from variational techniques. The frequency and group
velocity dispersive relationships of the fluid-coupling system are established in terms of the
Rayleigh quotient. The effects of the fluid addition, wave normal and propagation modes,
ratio of radius to thickness and lay-ups on the frequency and group velocity spectra are
discussed via numerical examples.

2. FORMULATION

Consider a laminated composite hollow cylinder of inner radius R; and outer radius R,,
surrounded by an ideal fluid of outer radius R, as shown in Figure 1. The hollow cylinder
has circular ends and straight slides. When the thickness of wall is large, we refer to it as
a thick cylinder; when the thickness of wall is small, we refer to it as a cylindrical shell.
Obviously, the wave propagation in the cylinder is of the helical form. Since the wave
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Figure 1. Laminated composite cylinder surrounded by fluid.
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Figure 2. Annular solid element subdivision and the jth isolated element.
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propagates in the in-surface of the cylinder only, we can handle the radial and in-surface
displacements using the variable separation method. The in-surface helical wave may be
conveniently expressed in the form of complex exponentials. In view of material
heterogeneity associated with different materials and/or differing orientations in the various
plies, it is suitable to use finite elements to model the radial variable of the wave. This
treatment is similar to that by Nelson et al. [21].

In this study, an annular solid element shown in Figure 2 is used in the subdivision
of the cylinder in the wall direction. The solid element has the inner, middle and outer
nodal surfaces i, m, o, that have each three degrees of freedom, u, v, w. Hence, the vector
of the unknown displacement amplitudes of the solid element is expressed as
U = [u; v; W; Uy, Uy Wi U, U, W, |7, where the superscript e denotes the element. Suppose
that the cylinder is subdivided into N strip elements in the radial direction and the element
numbering goes from the inner to outer surface, and that r; and r, represent, respectively, the
inner and outer radii of any solid element j. The displacements u = [u v w]" within an
element are thus approximated as

u = N(r)U’expi(nd + k,z — wt), (1)

where n is the wave number in the circumferential direction and k, = kcos f§ is the wave
number in the axial direction. When the wave of wave number k propagates in the cylinder
at an arbitrary § angle with respect to the z-axis, we have

n = R,ksin f5, k. = kcos f. 2)
In equation (1), N(r) is the shape function matrix of the solid element given by
NE) =[(1 =3+ 21 4F - (=7 +2/)1 . (3)

Here #=(r —r)/(r, —1;), ; <r<r, and I is a 3 x 3 identity matrix. w is the circular
frequency.

With the displacement model, we can readily derive the dispersive equation for the
cylinder by means of the Hamilton principle that takes the form

J“ S(V — T)dt =0, @)

o

where t, and ¢, are time instants, and V and T are, respectively, the potential energy and
kinetic energy of the solid element.
The kinetic energy of the solid element is expressed as

1 +o p2m pr, auT au
TZEJ‘% JO ‘[‘i Eaprdrdedz, (5)

where p is the mass density of the material of the solid element.
The potential energy of the solid element in the absence of body forces is given by

1 +ow pr2m pr, Yoo r2r
V= —j J [ elordrdfdz — J f (uwT;r; + ulT,r,)d0dz, (6)

2 —o JO —o JO
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where u;, u, are, respectively, the vectors of the inner and outer surface displacements of
the solid element, T;, T, are, respectively, the tractions on the inner and outer surfaces of the
solid element, € = [&, & & Vo Vi V201" and 6 = [0, 0y 0, T,9 T,; To9]" are, respectively, the
vectors of strains and stresses.

Under the assumption of small deformations, the strains are related to the displacements,
in the cylindrical co-ordinate system by

€ = Lu, (7
where L is the differential operator matrix given by
— =T
000 S
L=|0 %% 0 %—% 0 6—62 =L1%+L2%%+L3£+L4%. 8)
1 0 1290 0
° 7 & vw & °

Here L, L,, L3 and L, can be obtained by inspection from equation (8).

Assume that the cylinder is composed of an arbitrary number of linearly elastic, shell-like,
transversely isotropic plies and that the bonding between plies is perfect. Then, the
off-principal-axis stress—strain relations for any ply are given by

¢ =Qs, ©

where Q is the matrix of the off-principal-axis stiffness coefficients of the ply. The stiffness
coefficient matrix is symmetric. Their expressions in terms of engineering constants are
given by Vinson and Sierakowski [26].

Invoking equations (7)-(9), equation (6) may be rewritten as

V—l ‘oo p2m o, éuTD 6u+16uTD 6u+6uTD 6u+16uT
"2 L \oz Moz roz Poo T oz Mory ooz

—o JO

1 ou” ou 1 ou” ou 1out ou 1 ou”

ry _ B, T, M M p
0 U T 0 D20 T a0 DR e T ag DY
out ou 10u” ou Out ou 10ut
A pr, @, "B prt, oty A, Ay 10
+8r 1382+r or 2360+8r 336r+r or 34t (10)

1 0 1 0 1 0 1
+ ; UTD¥4 a_lzl + r_2 UTD§4 a_lel + ; uTD§4 a_l: + ﬁ uTD44u>rdr dodz

+ o0 2n
— J f (uf T;r; +u, T,r,)d0dz,

0

— 00

Where Dl] = LTQL] (l,] = 1, 2, 3, 4)
Substituting equations (5) and (10) into equation (4), and carrying out variation with
respect to U¢, we find the dispersive equation for the solid element

(K¢ — 0*M?)U¢ — F¢ = 0, (11)
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where the subscript ¢ denotes the cylinder,

K¢ = AS k2 + ASnk, + ASn® + 1A%k, + iASn + AS, (12)
MﬁzJaNTNprdr (13)

and
Fe:NT|r=r;Tiri+NT|r=ruT0ro (14)

are the stiffness, mass and load matrices of the solid element respectively. A{(i = 1,2,...,6)
in equation (12) are defined as

AS =J"NTD“Nrdr, (15)
AS = J 'NT(D,, + D',)Ndr, (16)
e "o 1 T

A3 - ;N D22Ndr, (17)

2 dN  dNT 1
Z:J |:_NTD13E+WDF{3N+;NT(DT4—D14)N:|rdV, (18)

2 dN  dNT 1
5= J |:— N'D,; ar + I D33N + - N (D34 — D24)N]"d”, (19)

(% /dNT__ dN  1dNT 1 dN 1

o= <F 97 Ty gy DN TN D NTD“N)W' 20)

The dispersive equation for the cylinder can be obtained through assembling all of the
elements at the nodal surfaces. The boundary conditions on the cylinder—fluid interface and
the inner surface of the cylinder as well as the interface conditions between the solid
elements are

T, =0, (21)
T!=Ti,, U/=U}, forl<j<N—1, (22)
T4 =[00p]" =nTp, (23)

where p is the hydrodynamic pressure acting on the outer surface of the cylinder that is
expressed as p = Ny|,— g P from below, the subscripts denote the element numbers, and the
superscripts denote the inner and outer nodal surfaces of the solid element.
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Figure 3. Annular fluid element subdivision and the jth isolated element.

Using equations (21)-(23) to assemble elements at the nodal surfaces, we get the
dispersive equation for the cylinder

(K, — *M,)U — FP = 0, (24)
where
F= RONT|r:R,, nTNf|r:RO (25)

is referred to as the coupling matrix, through which the hydrodynamic pressure of the fluid
affects the displacements of the cylinder.

We can analyze the fluid in a similar way. The pressure variation in the radial direction is
modelled by annular fluid elements, while the pressure variations in the axial and
circumferential directions are expanded as complex exponentials. The annular fluid element
used is shown in Figure 3. The fluid element has the inner, middle and outer nodal surfaces,
i, m, o, and each nodal surface has one degree of freedom, p. Hence, the vector of
nodal-surface unknown pressure amplitudes of the fluid element is expressed as
P¢(0, z, t) = [ pi pm P»]1". Suppose that the fluid is subdivided into N  fluid elements in the
radial direction and element numbering goes from the inner to outer surface, and that r; and
r, represent, respectively, the inner and outer radii of any fluid element j. Thus, the
hydrodynamic pressure within the fluid element may be expressed in terms of nodal-surface
unknown pressure amplitudes as follows:

p(r, 0,z,t) = Ne(r)Pexpi(nf + k.z — ot), (26)
where
Ny(r) = [(1 =37+ 2/%) 4(F —7) (—F+ 2/%)] (27)

is the shape function matrix of the fluid element.

The dispersive equation for the fluid element can be derived by way of variational
technique. From the fluid dynamic equilibrium and continuity equations, we obtain the
following dynamic equilibrium in terms of the hydrodynamic pressure:

?p 1dp 1% *p 10%
a2 A, T 2ap2 T A 27 2

or? " ror  rra0? ' 0z2 ot

=0, (28)
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where ¢ is the speed of sound in the fluid and ¢ is the time. To use variational technique, we
need to construct a functional for the fluid element that is equivalent to equation (28). By
means of variational method, we can readily develop the functional

T=_ Rl AWt St A 4 il 4
aror 120000 b0z T 2o

1J+°°J2"J'D<6pap 10pdp oOpop 2pd3p
2

>rdrd9dz

—o JO ¥

+too r2m on: 0
— P pili + Po pot, |d0dz,
_w Jo \or or

where the volume integration represents the energy due to the hydrodynamic pressure;
the area integration represents the potential energy due to the pressures on the nodal
surfaces of the fluid element. Substituting equation (26) into equation (29) and performing
variational manipulation of IT with respect to P¢ leads to the dispersive equation for the
fluid element

(29)

(K — 0?M$)P¢ — F& = 0, (30)

where
=A% kZ + A;zn2 + Afs, 31

e & 1 T
and
op; ap

Fe=(NT _ 2y £ NI _ 2¢ 33
f ( flrfri ar rl+ flrfr(, ar ra> ( )

are the stiffness, mass and load matrices of the fluid element respectively. A%;(i = 1, 2, 3) in
equation (31) are defined as

A, = J NN, rdr, (34)
"
AS, = J NN dr, (35)
. dNT dN
ASy = f drf d—rf rdr. (36)

The dispersive equation for the fluid can be obtained by assembling all of the fluid
elements at the nodal surfaces. Since the fluid-cylinder coupling effect occurs only in the
vicinity of the interface between the fluid and cylinder, for R, — oo, the hydrodynamic
pressure along the outer surface of the fluid vanishes. The boundary conditions on the
interface between the fluid and cylinder, and the interface conditions between the fluid
elements are

op\ 0w
) =y, 37
<ar>1 pf 61'2 ’ ( )
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. ; op\° op\ .=
Pj = Pj+1, <5>J = <E>j+1 for I <j<N;—1, (38)

where the subscripts denote the element numbers, the superscripts denote the inner and
outer surfaces of the fluid element, and p; is the density of the fluid. The quantity w is the
radial displacement on the outer surface of the cylinder that is written as w = nNU from the
above.

Using equations (37) and (38) to assemble all of the elements at the nodal surfaces, we get
the dispersive equation for the fluid

K; — 0*M;)P — p,0*F"U =0, (39)

where the coupling matrix F is the same as that given in equation (25).
Finally, the results of equations (24) and (39) can be combined as follows:

K. —F M0 ul_, 0
Lo o)=L w Div- “

(K — 0*M)g = 0. (41)

or in compact form

This equation is referred to as the dispersive equation for the fluid-loaded cylinder. When
the wave number k is specified, we can solve equation (41) for the circular frequency of the
cylinder submerged in a fluid, and accordingly obtain the relationship between the wave
number k and circular frequency w; this relationship is called the dispersive relationship for
the fluid-loaded cylinder.

With the aid of Rayleigh’s quotient, we can conveniently express the circular frequency
for the mth mode as

LK R
0} = (42)
PuM@y,
where ¢k and @R are the mth transposed left and right eigenvectors of equation (41).
The group velocity, at which energy is transported, is defined as
¢, = dw/dk. (43)

Differentiation of equation (42) with respect to k provides the group velocity for the mth
mode

L R
q)mK k(pm
om = > 44
T 20 PEM R 49
where
0K
< 0
ok
K, — . (45)
0 0K,

ok
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3. NUMERICAL RESULTS AND DISCUSSION

In what follows, numerical examples are employed to illustrate graphically the dispersive
behaviours of a laminated composite cylinder surrounded by a fluid. In laminate codes
used, a lamina numbering increases from the inner to outer surface; the letters C and
G represent carbon/epoxy and glass/epoxy, respectively; the number following the letters
indicates the fibre orientation with respect to the z-axis; the subscript s denotes that the
laminated shell is symmetrically stacked about the middle surface. For the sake of
simplicity, the following dimensionless parameters are adopted:

lg = k(Ru - Ri): )_“ = /“/(Ro - Ri)a E = Ri/(Ro - Ri)a

Ef = Rf/Ro: ﬁ = pf/p7 = w(Ro - Ri)\/ p/Qlla

where 0, and p are the reference properties and taken as Young’s modulus in the fibre
direction and mass density of C0O. The material properties of the cylinder are taken from
Takahashi and Chou [27]. The fluid is taken as water of p, = 1-0 g/cm?, ¢ = 148 x 10> m/s
and R, =20. Since the present method is within the framework of the theory of
three-dimensional elasticity, it is applicable not only to a cylinder but also to a circular
cylindrical shell. Thus, to discuss the distinction between them, two ratios of radius to
thickness R = 1 and 100 are used. In this study, a cylinder of R = 100 is termed a cylindrical
shell simply.

When the radius tends to be large, the results for the cylindrical shell approach those for
the appropriate plate. To verify the present formulation and its numerical implementation,
a validation of the numerical results against previously published data is provided for
a(C0/G + 45), plate. The value of the radius is R = 100. It has been found that, as shown in
Figure 4, the computed results compare very well with published results [28]. The results
for the plate were obtained by Liu et al. using a hybrid-numerical method.

Next, we turn to the computation of the frequency spectra in a laminated composite
cylinder and cylindrical shell surrounded by a fluid. The dispersion curves for an immersed
(CO/G = 45) cylindrical shell are illustrated in Figures 5(a) and 5(b), and compared with
those for the corresponding cylindrical shell in vacuum. The propagation directions of

20
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0 1 T n " " " " " " " 1 " " " "
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Figure 4. Dispersion curves for axial waves propagation in a (C0/G + 45), plate: ——, present analysis; — - —,

Liu et al. [28].
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Figure 5. Dispersion curves for waves propagating in a (C0/G + 45) cylindrical shell. (a) f = 0; (b) f = 30°.
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Figure 6. Dispersion curves for waves propagating in a (C0/G + 45), cylinder. (a) f =0; (b) f =30°. ——,
wet cylinder; - — -, dry cylinder.

waves are chosen as § = 0 and 30°, respectively; the former is for the axial wave; the latter is
for the helical wave. Generally speaking, the presence of the fluid affects all of the
frequencies to some extent. And this effect is dependent on the propagation mode and
direction of waves. The interaction of the fluid and shell causes the reduction of the higher
frequencies, but seems to have little impact on the lower frequencies. The fluid and shell
coupling effect can be elaborated by way of the so-called added mass concept. The lower
frequencies are dominated by the stiffness of the shell, while the higher frequencies are
controlled by the mass of the shell. The addition of the fluid increases equivalently the mass
of the shell and accordingly reduces the higher frequencies of the shell.

Figures 6(a) and 6(b) are the same as Figures 5(a) and 5(b) but for a cylinder. These
results further confirm the preceding observations.

We now investigate the group velocity spectra in a laminated composite cylinder
surrounded by a fluid. The group velocity spectra in an immersed (C0/G + 45); cylindrical
shell are illustrated in Figures 7(a) and 7(b), and compared with those for the corresponding
dry case. The propagation directions of waves are also chosen as f = 0 and 30° respectively.
From these two figures, it can be seen that the presence of the fluid causes the
redistributions of the group velocity spectra in anisotropic shells. The difference between
the amplitudes of the group velocity spectra is as apparent. The group velocities for most of
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Figure 7. Group velocity spectra for waves propagating in a (CO/G + 45), cylindrical shell. (a) f=0;
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Figure 8. Group velocity spectra for waves propagating in a (C0/G + 45), cylinder. (a) § = 0; (b) f = 30°. ——,
wet cylinder; - — -, dry cylinder.

the propagation modes for the wet shell are smaller in magnitude than those for the
appropriate dry shell. Only a few cases are otherwise. It is noteworthy that for a range of
small wave numbers, the dry shell has negative group velocity, but the wet shell has not.
Consequently, the presence of the fluid can prevent the phenomenon wherein energy
propagates in the opposite direction to the wave normal. As mentioned above, the group
velocity is one of the important concepts in wave propagation, as it is the rate at which
energy is transported. The strong fluid—shell coupling effect implies that the dynamic design
of an immersed composite cylindrical shell must account for the presence of the fluid.

Figures 8(a) and 8(b) are the same as Figures 7(a) and 7(b) but for a cylinder. The curves
in these two figures once again demonstrate strong fluid-structural coupling effects.

4. CONCLUSIONS

An LEM has been presented for analyzing the dispersive behaviours and group velocity
of waves in laminated composite cylinders surrounded by a fluid. The method of approach
is formulated within the framework of the theory of three-dimensional elasticity, and is thus
accurate in comparison with those using various approximate theories. The use of the LEM
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not only is capable of reducing the spatial dimensions of a problem by one but also makes it
easier to deal with cylinders composed of an arbitrary number of anisotropic layers, of

ar

bitrary lay-ups and of any type of materials. Furthermore, the method is capable of

omitting tedious pre-processors occupying a substantial part of finite element methods, and
accordingly of reducing a great deal of computational labour. Numerical results indicate

th

at the addition of the fluid has a strong influence on the group velocity of waves. Thus, the

fluid-cylinder coupling effect must be taken into account in the dynamic design of immersed
laminated composite cylinders and cylindrical shells.
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